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Path Deviation Equations in AP-Geometry
M.I.Wanas1 & M.E. Kahil2
Abstract
Recently, it has been shown that Absolute Parallelism (AP) geometry admits
paths that are naturally quantized. These paths have been used to describe the
motion of spinning particles in a background gravitational field. In case of a weak
static gravitational field limits, the paths are applied successfully to interpret the
discrepancy in the motion of thermal neutrons in the Earth’s gravitational field
(COW-experiment). The aim of the present work is to explore the properties of
the deviation equations corresponding to these paths. In the present work the
deviation equations are derived and compared to the geodesic deviation equation of
the Riemannian geometry.
1 Introduction
The equation of path deviation plays an important role in geometry and its applica-
tions. In Riemannian geometry the equation of geodesic deviation is used to study,
covariantly, the problem of stability [1], the problem of fixing the curvature constant
of the universe [2] and other problems. Bazanski [3] has suggested a scheme, using
which one can derive both the geodesic and geodesic deviation equations from one
Lagrangian which can be written in the form
L
def
= gµνU
µDΨ
ν
DS
(1.1)
where gµν is the metric tensor, U
µ is a unit tangent to the geodesic, Ψν is the
deviation vector and S is an affine parameter, The relation between the prefix
operator D
DS
and the covariant infix operator (;) can be written, as usual, as
DΨν
DS
= Ψν;µU
µ. (1.2)
In Riemannian geometry, there is only one affine connection, Christoffel symbol.
Thus the covariant derivative Ψν;µ is uniquely defined and one can easily deduce
that the definition (1.1) is unique.
In Absolute Parallelism (AP) geometry (cf. [4]) there are at least three affine
connections. These are the non-symmetric connection Γα.µν , its dual Γ˜
α
.µν(= Γ
α
.νµ)
and its symmetric part Γα.(µν). In this geometry, a second order symmetric tensor
(gµν), which can play the role of the metric tensor, could be defined. Consequently,
Christoffel symbols could be defined as a result of a metricity condition. Using these
four affine connections , the following tensor derivatives could be defined:
Aµ;ν
def
= Aµ,ν +A
α
{
µ
αν
}
, (1.3)
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A
µ
+| ν
def
= Aµ,ν +A
α Γµ. αν , (1.4)
A
µ
. | ν
def
= Aµ,ν +A
α Γµ
. (αν), (1.5)
A
µ
−| ν
def
= Aµ,ν +A
αΓ˜µ. αν , (1.6)
where Aµ is an arbitrary contravariant vector. The Bazanski scheme has been
generalized [5] in AP-geometry, by using the above tensor derivatives in place of
the covariant derivative used in the Lagrangian (1.1). Varying the generalized La-
grangian w.r.t. the deviation vector , a new set of path equations has been obtained.
The general form of this set can be written as
d2xµ
d2τ
+ a
{
µ
αβ
}
dxα
dτ
dxβ
dτ
= −b Λ µ(αβ).
dxα
dτ
dxβ
dτ
(1.7)
where Λα.µν is the torsion of the AP-space, τ is a parameter varying along the path,
and a, b are numerical parameters whose values are given in the following table.
Table 1. Numerical Parameters of the New Set of Path Equations
Connection used a b
Γµ. αν 1 1
Γµ
. (αν) 1
1
2
Γ˜µ. αν 1 0
From this table it is clear that the parameter of the torsion term in (1.7) has some
quantum features [6].
It is the aim of the present work to explore the consequences of varying the same
Lagrangian functions , used in the previous work [5], [6] w.r.t. the tangent vector.
This is done in order to study the impact of the quantum properties , appeared in
the path equations, on the deviation equations
2 Path Deviation Equations
In this section, we are going to use the generalized Lagrangian functions, used before
[5], to derive the corresponding path deviation equations. These functions can be
written in the form:
L
def
= gαβ U
α DΨ
β
DS
, (2.1)
L0
def
= gαβ W
α Dζ
β
DS0
, (2.2)
L+
def
= gαβ V
α Dξ
β
DS+
, (2.3)
2
L−
def
= gαβ J
α Dη
β
DS−
, (2.4)
where ξβ, ζβ and ηβ are the vectors giving the deviation from the curves character-
ized by the evolution parameters S+, S0 and S− respectively. Varying (2.1) w.r.t.
the unit vector Uµ, we obtain , after applying an action principle,
D2Ψα
DS2
+R αβµ.ρ U
µΨβUρ = 0, (2.5)
which is the geodesic deviation equation of the Riemannian space associated with
the AP-space. The tensor Rα.µνσ is the Riemann-Christoffel curvature tensor defined
using Christoffel symbols. Varying the Lagrangian (2.2) w.r.t the vector W σ and
using an action principle we get,
D2ζα
DSo 2
+N αβµ.ρ W
µζβW ρ =
1
2
Λ ανρ.
Dζν
DSo
W ρ + γα.ρν
Dζν
DSo
W ρ, (2.6)
where Nα.µνσ is a curvature tensor defined, using the symmetric part of the AP-
connection, as
Nα.µνσ
def
= Γα(µσ),ν − Γ
α
(µν),σ + Γ
ǫ
(µσ)Γ
α
(ǫν) − Γ
ǫ
(µν)Γ
α
(ǫσ). (2.7)
Again, varying the Lagrangian (2.3) w.r.t. the vector V σ and using an action
principle we get,
D2ξα
DS+ 2
= Λ ανρ.
Dξν
DS+
V ρ . (2.8)
The absence of the curvature term from this equation is due to the identical van-
ishing of the curvature tensor, corresponding to the connection Γαµν (cf. [4]),
Mα.µνσ
def
= Γαµσ,ν − Γ
α
µν,σ + Γ
ǫ
µσΓ
α
ǫν − Γ
ǫ
µνΓ
α
ǫσ ≡ 0. (2.9)
Finally, varying the Lagrangian(2.4) w.r.t. Jσ we get, after using an action principle,
the equation
D2ηα
DS− 2
+ M˜ αβµ.ρ J
µηβJρ = 2γα.ρν
Dην
DS−
Jρ, (2.10)
where M˜α.µνσ is a curvature tensor defined using the dual affine connection Γ˜
α
µν ,
M˜α.µνσ
def
= Γ˜α.µσ,ν − Γ˜
α
.µν,σ + Γ˜
ǫ
.µσΓ˜
α
.ǫν − Γ˜
ǫ
.µνΓ˜
α
.ǫσ. (2.11)
3 Relation Between The Curvature Tensors
In order to compare the path deviation equations obtained, in section 2, it is conve-
nient to relate the curvature tensors appeared in the equations. The non-symmetric
connection Γαµν is related to the Christoffel symbols by the relation (cf.[4])
Γα.µν =
{
α
µν
}
+ γα.µν , (3.1)
where,
γα.µν
def
= λ
i
α
λ
i
µ;ν , (3.2)
3
and λ
i
µ are the tetrad vectors giving the structure of the AP-space. Substituting
from (3.1) into definition (2.7) we get,
Nλ.µνσ =
1
2
(Rλ.µνσ + Q˜
λ
.µνσ + Λ
ǫ
.µσΛ
λ
.νǫ), (3.3)
where,
Q˜λ.µνσ
def
= γλ.σµ;ν − γ
λ
.νµ;σ + γ
ǫ
.σµγ
λ
νǫ − γ
ǫ
.νµγ
λ
.σǫ. (3.4)
As it is well known that Rλ.µνσ is skew symmetric in the last two indices ν & σ, and
from definitions (2.7), (3.4) it is clear that Nλ.µνσ and Q˜
λ
.µνσ are skew symmetric in
last two indices ν & σ. Consequently, the symmetric part of the last term in (3.3)
vanishes identically, and the tensor can written as
Nλ.µνσ =
1
2
(Rλ.µνσ + Q˜
λ
.µνσ + Λ
ǫ
.µ[σΛ
λ
.ν]ǫ). (3.5)
Again substituting from (3.1) into definition (2.11) we get after some reductions,
M˜α.µνσ
def
= Rα.µνσ + Q˜
α
.µνσ. (3.6)
Now the path deviation equations (2.8), (2.6) and (2.10) can be written, respectively,
as
D2ξα
DS+ 2
= Λ ανρ.
Dξν
DS+
V ρ , (3.7)
D2ζα
DSo 2
+
1
2
(R αβµ.ρ + Q˜
α
βµ.ρ+g
ασΛǫ.µ[ρΛβσ]ǫ)W
µζβW ρ =
1
2
Λ ανρ.
Dζν
DSo
W ρ + γα.ρν
Dζν
DSo
W ρ,
(3.8)
D2ηα
DS− 2
+ (R αβµ.ρ + Q˜
α
βµ.ρ) J
µηβJρ = 2γα.ρν
Dην
DS−
Jρ. (3.9)
This set of equations can be written into the general form
D2Ψα
Dτ2
+a(R αβµ.ρ + Q˜
α
βµ.ρ+2(1−a)g
ασΛǫ.µ[ρΛβσ]ǫ)U
µΨβUρ = bΛ ανρ.
DΨν
Dτ
Uρ + cγα.ρν
DΨν
Dτ
Uρ.
(3.10)
4 Discussion and Concluding Remarks
In the present work, we have derived a new set of path deviation equations in AP-
geometry. This new set can be written in the general form (3.10), from which it is
clear that this form contains four terms with different numerical parameters. These
terms are the second derivative of the deviation vector, the curvature term, the tor-
sion term and the contortion term. Comparing these equations with the geodesic
deviation equation (2.5), we construct the following table which gives the values of
the parameters a,b & c.
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Table 2. Values of the Parameters of (3.10)
Connection used a b c
Γµ. αν 0 1 0
Γµ
. (αν)
1
2
1
2 1
Γ˜µ. αν 1 0 2
From the treatment given in the present work, and the above table, we note that:
1- The disappearance of the torsion and the contortion terms from the equation
of the geodesic deviation (2.5) is obvious, since Riemannian geometry is a sym-
metric one ( we mean by a non-symmetric geometry, a geometry which admits a
non-symmetric affine connection). Also, the disappearance of Q˜α.µνσ part of the cur-
vature term in this equation is due to the same reason.
2- The disappearance of the curvature term from equation (3.7) is due to the iden-
tical vanishing of the curvature (2.9), formed from the connection Γα.µν , as a conse-
quence of the AP-condition.
3- It is clear from Table 2 that some quantum properties appear in the new set of
path deviation equations. These properties appear in the parameters of different
terms of the general equation (3.10), representing this set. These quantum proper-
ties appear without performing any known quantization scheme.
4- From the study of the path equations in AP-geometry (Table 1), the quantum
properties appeared as a jumping coefficient of the torsion term. Now the study of
the path deviation equations (Table 2) shows that, not only the coefficient of the
torsion, but also the coefficient of the curvature, which jumps by a step of 12 . The
jumping of the coefficients of these terms are running in an inverse way. This result
confirms a similar conclusion [7] obtained without using path deviation equations.
5- Although the jumping step, of the torsion term and the curvature term, is half
integer; it clear from Table 2 that the jumping step of the contortion term is an
integer. This may need further discussion.
It is worth of mention that the new set of path equations [5] has been generalized
[8], and applied successfully to discuss some physical [9], [10] and astrophysical [11],
[12] problems. These applications may give the first evidence for the quantum
structure of space-time.
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